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On the growth of even K-groups of rings of
integers in p-adic Lie extensions
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Abstract
Let p be an odd prime number. In this paper, we study the growth of the Sylow
p-subgroups of the even K-groups of rings of integers in a p-adic Lie extension.
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1 Introduction
Let F be a number field. Iwasawa [18, 19] first proved a remarkable regularity
on the variation of the Sylow p-subgroup of the class groups in the intermediate
subfields of a Zp-extension of F . Since then, this direction of study have been
extended to more general p-adic Lie extensions (for instance, see [9, 38]). From
an algebraic K-theoretical point of view, the class group is none other than the
torsion subgroup of K0(OF ), where OF is the ring of integers of the number
field F . It therefore seems natural to consider the analogous situation for the
higher K-groups, considering that the higher K-groups Km(OF ) are known
to encode important arithmetic information on the field F (for instance, see
[5, 7, 14, 17, 39, 41, 47]).
It is well-known that the odd K-groups are finitely generated, whose ranks
have been calculated by Borel [5], and whose torsion subgroups are rather well
understood (see [47, Theorem 1 and references therein]). On the other hand,
despite knowing that the even K-groups are finite (cf. [5, 14]), their orders
remain a mystery in general. In [7], Coates established an analogue of Iwasawa’s
result for the orders of Sylow p-subgroups of the K2-groups of rings of integers
in a Zp-extension, and this was subsequently extended to higher even K-groups
by Ji-Qin [22] over a Zp-extension. The goal of this paper is to study variants
of the results of Coates and Ji-Qin over more general p-adic Lie extensions.
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We say a little on our approach which is cohomological in nature follow-
ing that in [39, 41]. Let i be a given integer ≥ 2. Building on the Quillen-
Lichtenbaum Conjecture which is now a theorem thanks to the works of Rost-
Voevodsky [46, 48], we can identify the Sylow p-subgroup of K2i−2(OF ) to the
continuous cohomology group H2(GSp(F ),Zp(i)) (see Section 3 for the precise
definition). One is therefore reduced to studying the variation of these cohomol-
ogy groups. For this, we shall package them into the so-called second Iwasawa
cohomology group H2Iw,S(F∞/F,Zp(i)) (see Subsection 4.1 for its precise defini-
tion) which is now a module over the Iwasawa algebra of the Galois group of the
said p-adic Lie extension. The problem in hand therefore is to analyse this Iwa-
sawa cohomology group. For this, we shall call upon an Iwasawa-cohomological
version [13, 31] of a descent spectral sequence of Tate (see Proposition 4.5).
When the p-adic Lie extension F∞ is commutative, we combine this spectral se-
quence with the asymptotic formula of Cuoco-Monsky to obtain variations of the
growth for K2i−2(OFn)[p∞] for an appropriate intermediate subextensions Fn
of F∞ (see Theorem 4.10). For a noncommutative p-adic Lie extension though,
due to a lack of a precise structural theorem for modules over a noncommuta-
tive Iwasawa algebra, we can only obtain a growth formula for K2i−2(OFn)[pn]
(see Theorem 4.11) by appealing to the results of Perbet [38]. We also mention
that in the noncommutative situation, one needs to take some extra care due to
the possible presence of ramified primes outside p in the said noncommutative
p-adic Lie extension.
We end the introductional section by giving an outline of the paper. In
Section 2, we review the notion of certain Iwasawa invariants. We also collect
certain estimates on the intermediate coinvariants of a Zp[[G]]-module M which
will be required for our discussion on the variation of the evenK-groups. Section
3 is where we discuss the relation between the Sylow p-subgroups of the even K-
groups and various e´tale/Galois cohomology groups. In Section 4, we introduce
the Iwasawa cohomology group in formal, and examine their module structure.
This is then combined with the discussion in the previous sections to yield our
growth formulas. Finally, in Section 5, we mention briefly some examples and
classes of extensions that our results can be applied to.
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2 Iwasawa modules
2.1 Iwasawa invariants
We begin recalling the definition of certain Iwasawa invariants. Let G denote a
compact p-adic Lie group with no p-torsion. The completed group algebra of G
over Zp is given by
Zp[[G]] = lim←−
U
Zp[G/U ],
where U runs over the open normal subgroups of G and the inverse limit is taken
with respect to the canonical projection maps. It is well known that Zp[[G]] is a
Noetherian Auslander regular ring (cf. [44, Theorem 3.26] or [28, Theorem A.1])
with no zero divisors (cf. [36]). In particular, since the ring Zp[[G]] is Noetherian
with no zero divisors, it admits a skew field Q(G) which is flat over Zp[[G]] (see
[15, Chapters 6 and 10] or [26, Chapter 4, §9 and §10]). This in turn enables us
to define the notion of Zp[[G]]-rank of a finitely generated Zp[[G]]-module M ,
which is given by
rankZp[[G]](M) = dimQ(G)(Q(G) ⊗Zp[[G]] M).
The moduleM is then said to be a torsion Zp[[G]]-module if rankZp[[G]](M) = 0.
One can show thatM is torsion over Zp[[G]] if and only if HomZp[[G]](M,Zp[[G]]) =
0 (for instance, see [28, Lemma 4.2]). In the event that the torsion Zp[[G]]-
module M satisfies Ext1
Zp[[G]](M,Zp[[G]]) = 0, we say that M is a pseudo-null
Zp[[G]]-module.
For a finitely generated Zp[[G]]-module M , denote by M [p
∞] the Zp[[G]]-
submodule of M consisting of elements of M which are annihilated by some
power of p. Howson [25, Proposition 1.11], and independently Venjakob [44,
Theorem 3.40]), showed that there is a Zp[[G]]-homomorphism
ϕ : M [p∞] −→
s⊕
i=1
Zp[[G]]/p
αi ,
whose kernel and cokernel are pseudo-null Zp[[G]]-modules, and where the inte-
gers s and αi are uniquely determined. The µG-invariant of M is then defined
to be µG(M) =
s∑
i=1
αi. We record the following basic lemma relating the rank
and µG-invariant.
Lemma 2.1. Let M be a finitely generated Zp[[G]]-module. Suppose there is a
Zp[[G]]-homomorphism
ϕ : M [p∞] −→
s⊕
i=1
Zp[[G]]/p
αi ,
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whose kernel and cokernel are pseudo-null Zp[[G]]-modules. Then
µG(M/p
n) = n rankZp[[G]](M) +
s∑
i=1
min{n, αi} for n ≥ 1.
In particular, if M is a torsion Zp[[G]]-module, then we have µG(M) > 0 if and
only if µG(M/p) > 0.
Proof. The equality is proven in [29, Lemma 2.4.1]. The final assertion of the
lemma is immediate from this.
2.2 The case of commutative G
In this subsection, G is taken to be a p-adic Lie group isomorphic to Zdp for
some d ≥ 1. Write Gn = Gpn = (pnZp)d. We now collect certain results on the
asymptotic behaviour ofMGn [p
∞] for a Zp[[G]]-module M that will be required
for subsequent discussion. As a start, we recall the case G = Zp.
Proposition 2.2. Suppose that G = Zp and that M is a finitely generated
Zp[[G]]-module. Assume that MGn is finite for each n, where Gn = p
nZp. Then
we have
logp
∣∣∣MGn [p∞]∣∣∣ = µG(M)pn + λn+ O(1)
for a certain integer λ independent of n.
Proof. This is a special case of [35, Proposition 5.3.17]. Here the λ is precisely
the λ-invariant of the module M in the usual sense (see [35, Definition 5.3.9])
noting our hypothesis that MGn is finite for each n.
The above algebraic result is fundamental in obtaining an asymptotic for-
mula for the class groups in a Zp-extension as is done by Iwasawa [18, 19].
Following this line of thought in their study of class groups in a Zdp-extension,
Cuoco-Monsky established the following variant of the formula for the case
G = Zdp, where d ≥ 2.
Proposition 2.3. Let G = Zdp for some d ≥ 2, and let M be a finitely generated
torsion Zp[[G]]-module. Suppose that rankZp(MGn) = O(p
(d−2)n). Then we
have
logp
∣∣∣MGn [p∞]∣∣∣ = µG(M)pdn + l0(M)np(d−1)n +O(p(d−1)n)
for a certain integer l0(M) independent of n.
Proof. This is [9, Theorem 3.4]. For the precise description of l0(M), we refer
readers to [9, Definition 1.2].
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2.3 G noncommutative
We come to the case of a noncommutative compact p-adic Lie group G. For
simplicity, we shall assume that the group is uniform pro-p in the sense of [10,
Definition 4.1]. Note that every compact p-adic Lie group contains an open
normal subgroup which is a uniform pro-p group by virtue of Lazard’s theorem
(see [10, Corollary 8.34]). Therefore, one can always reduce consideration for a
general compact p-adic Lie group to the case of a uniform pro-p group which
we will do throughout the paper.
Let d denote the dimension of the uniform pro-p group G. We write Gn for
the lower p-series Pn+1(G) which is defined recursively by P1(G) = G, and
Pi+1(G) = Pi(G)p[Pi(G), G], for i ≥ 1.
It follows from [10, Theorem 3.6] that Gp
n
= Pn+1(G) and that we have an
equality |G : P2(G)| = |Pn(G) : Pn+1(G)| for every n ≥ 1 (cf. [10, Definition
4.1]). Hence we have |G : Gn| = |G : Pn+1(G)| = pdn.
With these notation in hand, we can now state the following result of Perbet.
Proposition 2.4. Let G be a uniform pro-p p-adic Lie group of dimension d
and M a finitely generated Zp[[G]]-module. Then one has
logp
∣∣MGn/p∣∣ = ( rankZp[[G]](M) + µG(M/p))pdn +O(p(d−1)n)
and
logp
∣∣MGn/pn∣∣ = rankZp[[G]](M)npdn + µG(M)pdn +O(np(d−1)n).
Proof. See [38, The´ore`me 2.1].
A class of p-adic Lie groups G that one is interested is the class of G which
contains a closed normal subgroup H with the property that G/H ∼= Zp. As
we shall see, in this context, the modules of interest usually are Zp[[G]]-modules
which are finitely generated over Zp[[H ]]-modules (see Proposition 5.1). For such
modules, they are clearly torsion over Zp[[G]] and so have trivial Zp[[G]]-rank.
Furthermore, it follows from [16, Lemma 2.7] that they have trivial µG-invariant.
Hence, in this context, Perbet’s theorem reads logp
∣∣MGn/pn∣∣ = O(np(d−1)n).
In view of this, we like to have more leverage on this O(np(d−1)n) error term,
which is the content of the next result.
Proposition 2.5. Let G be a uniform pro-p p-adic Lie group of dimension
d. Suppose that G contains a closed normal subgroup H with the property that
G/H ∼= Zp. Let M be a Zp[[G]]-module which is finitely generated over Zp[[H ]].
Then we have
logp |MGn/pn| ≤ rankZp[[H]](M)np(d−1)n + µH(M)p(d−1)n +O(np(d−2)n).
Proof. See [30, Proposition 2.4].
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3 Arithmetic preliminaries
In this section, we describe the relation between the algebraic K-groups and
e´tale/Galois cohomology.
3.1 E´tale Cohomology and Galois cohomology
To begin with, we let F be a number field, whose ring of integers is in turn
denoted by OF . Throughout the paper, S will always denote a finite set of
primes above F which contains the set of primes above p and the infinite primes.
We shall then write OF,S for the ring of S-integers. We also write S∞ (resp.,
Sp) for the set of infinite primes (resp., primes above p) in S. Let FS be the
maximal algebraic extension of F unramified outside S and write GS(F ) for
the Galois group Gal(FS/F ). Denoting by µpn the cyclic group generated by a
primitive pn-root of unity, we then write µp∞ for the direct limit of the groups
µpn . These have natural GS(F )-module structures. Furthermore, for i ≥ 2, via
the diagonal action, the i-fold tensor product µ⊗ipn can be endowed with GS(F )-
module structure, and the similar can be said for µ⊗ip∞ . Therefore, we may speak
of the Galois cohomology groups Hk
(
GS(F ), µ
⊗i
pn
)
and Hk
(
GS(F ), µ
⊗i
p∞
)
, noting
that
Hk
(
GS(F ), µ
⊗i
p∞
) ∼= lim−→
n
Hk
(
GS(F ), µ
⊗i
pn
)
.
On the other hand, we can view µ⊗ipn as an e´tale sheaf over the scheme
Spec(OF,S) in the sense of [33, Chap. II], and consider the e´tale cohomology
groups Hke´t
(
Spec(OF,S), µ⊗ipn
)
. By [33, Chap. II, Proposition 2.9], the latter
identifies with the Galois cohomology groups Hk
(
GS(F ), µ
⊗i
pn
)
. Taking direct
limit, we have
lim−→
n
Hke´t
(
Spec(OF,S), µ⊗ipn
) ∼= lim−→
n
Hk
(
GS(F ), µ
⊗i
pn
) ∼= Hk(GS(F ), µ⊗ip∞).
On the other hand, writing Zp(i) = lim←−
n
µ⊗ipn and taking inverse limit, we obtain
lim←−
n
Hke´t
(
Spec(OF,S), µ⊗ipn
) ∼= lim←−
n
Hk
(
GS(F ), µ
⊗i
p∞
) ∼= Hkcts(GS(F ),Zp(i)),
where Hkcts( , ) is the continuous cohomology group of Tate (see [35, Chap 2,
§7]), and where the second isomorphism is a consequence of [35, Corollary 2.7.6
and Theorem 8.3.20(i)].
We end this subsection mentioning some convention on the notation that will
be adhered for the remainder of the paper. For the e´tale cohomology groups, we
shall always write Hke´t
(OF,S ,Zp(i)) = lim←−
n
Hke´t
(
Spec(OF,S), µ⊗ipn
)
. While working
with the continuous cohomology groups of Tate, we often drop “cts” and write
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Hk
(
GS(F ),Zp(i)
)
= Hkcts
(
GS(F ),Zp(i)
)
. Finally, since the set of primes S
always contain S∞, in the event that S = Sp ∪ S∞, we shall write GSp(F ) and
OF,Sp for GSp∪S∞(F ) and OF,Sp∪S∞ respectively.
3.2 Algebraic K-theory
We now come to the K-theoretical aspects. For a ring R with identity, write
Kn(R) for the algebraic K-groups of R in the sense of Quillen [42, 43] (also
see [17, 47, 49]). It is an elementary fact that K0(OF ) ∼= Z ⊕ Cl(F ), where
Cl(F ) is the class group of F . By the theorem of Bass-Milnor-Serre [2], we
have K1(OF ) ∼= O×F , and so the structure of K1(OF ) can be read off from
the Dirichlet’s unit theorem. For the higher K-groups, we have the following
observation.
Theorem 3.1. The groups Km(OF ) are finitely generated for all m ≥ 0. Fur-
thermore, for i ≥ 2, the groups K2i−2(OF ) are finite and
rankZK2i−1(OF ) =
{
r1(F ) + r2(F ), if i is odd,
r2(F ), if i is even.
Here r1(F ) (resp., r2(F )) is the number of real embeddings (resp., number of
pairs of complex embeddings) of F .
Proof. Quillen [43] showed that the K-groups are finitely generated. The as-
serted ranks of the K-groups are consequences of the calculations of Borel [5].
We also note that the finiteness of K2(O) has previously been established by
Garland [14].
In [41], Soule´ connected the higher K-groups with e´tale cohomology groups
via the p-adic Chern class maps
ch
(p)
i,k : K2i−k(OF )⊗ Zp −→ Hke´t
(OF,Sp ,Zp(i))
for i ≥ 2 and k = 1, 2. (For the precise definition of these maps, we refer readers
to loc. cit.) The famed Quillen-Lichtenbaum Conjecture predicts that these
maps are isomorphisms. Thanks to the gallant efforts of many, we now know
that this prediction is true.
Theorem 3.2. The p-adic Chern class maps are isomorphisms for i ≥ 2 and
k = 1, 2.
Proof. Soule´ first proved that these maps are surjective (see [41, The´ore`me
6(iii)]; also see the works of Dwyer and Friedlander [11, Theorem 8.7]). It is
folklore (for instance, see [17, Theorem 2.7]) that the asserted bijectivity is a
consequence of the so-called norm residue isomorphism theorem (previously also
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known as the Bloch-Kato(-Milnor) conjecture; see [3, 34]. Not to be confused
with the other Bloch-Kato conjecture which is also known as the Tamagawa
number conjecture; see [4]). Later, Levine [27] and Merkurjev-Suslin [32] es-
tablished this said norm residue isomorphism theorem for the case 2i − k = 3.
The full norm residue isomorphism theorem was eventually settled by the deep
work of Rost and Voevodsky [46] with the aid of a patch from Weibel [48].
Consequently, the p-adic Chern class maps are isomorphisms as asserted.
Corollary 3.3. For i ≥ 2, we have
K2i−2(OF )[p∞] ∼= H2
(
GSp(F ),Zp(i)
)
.
Proof. Since K2i−2(OF ) is finite, we have K2i−2(OF )[p∞] ∼= K2i−2(OF ) ⊗ Zp.
By the preceding theorem, the latter is isomorphic to H2e´t
(OF,Sp ,Zp(i)) which
identifies with the corresponding Galois cohomology group as noted in Subsec-
tion 3.1.
In view of the preceding corollary, the study of K2i−2(OF )[p∞] is reduced
to the study of the cohomology groups H2
(
GSp(F ),Zp(i)
)
. Occasionally, we
may need to work with H2 (GS(F ),Zp(i)) for a larger set S of primes, and so
one needs to know the difference between these cohomology groups, which is
the content of the next lemma.
Lemma 3.4. Suppose that S ⊇ Sp ∪S∞. Then for i ≥ 2, we have the following
short exact sequence
0 −→ H2e´t
(OF,Sp ,Zp(i)) −→ H2e´t (OF,S ,Zp(i)) −→ ⊕
v∈S−Sp
H1 (kv,Zp(i − 1)) −→ 0,
where kv is the residue field of Fv.
Proof. By the localization sequence of Soule´ (cf [17, Proposition 2.2] or [41,
Section III.3]), we have the following exact sequence⊕
v∈S−Sp
H0
(
kv, µ
⊗(i−1)
pn
)
−→ H2e´t
(OF,Sp , µ⊗ipn) −→ H2e´t (OF,S , µ⊗ipn)
−→
⊕
v∈S−Sp
H1
(
kv, µ
⊗(i−1)
pn
)
−→ H3e´t
(OF,Sp , µ⊗ipn) .
As GSp(F ) has p-cohomological dimension 2 (cf. [35, Proposition 10.11.3]), the
final term is zero. On the other hand, since kv is a finite field and i ≥ 2, one
has
lim←−
n
H0
(
kv, µ
⊗(i−1)
pn
)
= 0.
Hence we obtain a short exact sequence
0 −→ H2e´t
(OF,Sp , µ⊗ipn) −→ H2e´t (OF,S , µ⊗ipn) −→ ⊕
v∈S−Sp
H1
(
kv, µ
⊗(i−1)
pn
)
−→ 0.
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The conclusion of the lemma then follows upon taking inverse limit of this short
exact sequence.
We end with the following remark on the size of H1 (kv,Zp(i)) which occurs
in the exact sequence of Lemma 3.4.
Remark 3.5. Let i ≥ 2 be fixed. By [41, Lemme 5], the group H1(kv, µ⊗(i−1)pn ) is
cyclic of order gcd(pn, |kv|i−1−1). Since kv is a finite field, the group Gal(k¯v/kv)
has p-cohomological dimension 1. Consequently, the map
H1
(
kv, µ
⊗(i−1)
pn
) −→ H1(kv, µ⊗(i−1)pm )
is surjective for n ≥ m. It then follows that the order of H1(kv, µ⊗(i−1)pn ) sta-
bilizes and the above mentioned surjection is an isomorphism for n ≥ m ≫ 0.
Hence H1
(
kv,Zp(i− 1)
)
is a finite cyclic group of order pordp(|kv |
i−1−1).
4 Main results
4.1 Iwasawa cohomology groups
Retain the notation as before. In particular, F will denote a number field, and
S is a finite set of primes of F which contains all the primes above p and the
infinite primes. For every extension L of F contained in FS , we write GS(L) =
Gal(FS/L). For k = 1, 2 and i ≥ 2, one defines the Iwasawa cohomology groups
HkIw,S
(L/F,Zp(i)) := lim←−
L
Hk
(
GS(L),Zp(i)
)
,
where L runs through all finite extension of F contained in L and the transition
maps are given by the corestriction maps on the cohomology. Note that if L/F
is a finite extension, we have HkIw,S
(L/F,Zp(i)) = Hk(GS(L),Zp(i))
A Galois extension F∞ of F is said to be a pro-p p-adic Lie extension of F
if its Galois group G is pro-p compact p-adic Lie group without p-torsion and it
is unramified outside a finite set of primes. For a pro-p p-adic Lie extension F∞
contained in FS , the modules H
k
Iw,S
(
F∞/F,Zp(i)
)
are finitely generated over
Zp[[G]] (cf. [31, Proposition 4.1.3]). For the second Iwasawa cohomology group
H2Iw,S(F∞/F,Zp(i)), we can say even more.
Proposition 4.1. Let F∞ be a pro-p p-adic Lie extension of F contained in
FS. Then for every i ≥ 2, H2Iw,S(F∞/F,Zp(i)) is a torsion Zp[[G]]-module.
We emphasis that the proposition does not require F∞ to contain the cyclo-
tomic Zp-extension F
cyc of F . For the proof of the proposition, we require the
following well-known fact (see [39]).
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Lemma 4.2. Suppose that i ≥ 2. Let L be a finite extension of F contained in
FS. Then we have H
2(GS(L), µ
⊗i
p∞) = 0.
Proof. For the convenience of the reader, we give an explanation of this here.
By considering the long continuous cohomology sequence of
0 −→ Zp(i) −→ Qp(i) −→ µ⊗ip∞ −→ 0,
one obtains the following exact sequence
H2
(
GS(L),Zp(i)
) −→ H2(GS(L),Qp(i)) −→ H2(GS(L), µ⊗ip∞)
−→ H3(GS(L),Zp(i)). (4.1.1)
Therefore, the conclusion of the lemma will follow from this once we can show
that H2(GS(L),Qp(i)) and H
3
(
GS(L),Zp(i)
)
vanish. Indeed, as GS(L) has p-
cohomological dimension 2 (cf. [35, Proposition 10.11.3]), this gives the vanish-
ing of H3
(
GS(L),Zp(i)
)
. To see that H2(GS(L),Qp(i)) vanishes, we first recall
that as seen in Subsection 3.2, the group H2(GS(L),Zp(i)) is finite. Combining
these observation with (4.1.1), we see that H2
(
GS(L),Qp(i)
)
sits between two
torsion Zp-modules. But H
2
(
GS(L),Qp(i)
)
is also a Qp-vector space, and so
is p-torsionfree. Hence we must have H2
(
GS(L),Qp(i)
)
= 0. This therefore
completes the proof of the lemma.
We require one more lemma.
Lemma 4.3. Let F∞ be a pro-p p-adic Lie extension of F contained in FS .
Then the following statements are equivalent.
(a) H2Iw,S(F∞/F,Zp(i)) is a torsion Zp[[G]]-module.
(b) H2(GS(F∞), µ
⊗i
p∞) = 0.
Proof. This is a special case of [28, Lemma 7.1].
We are in position to give the proof of Proposition 4.1.
Proof of Proposition 4.1. By virtue of Lemma 4.2, we haveH2(GS(L), µ
⊗i
p∞) = 0
for every finite extension L of F contained in F∞. Taking direct limit over these
L, we obtain H2(GS(F∞), µ
⊗i
p∞) = 0. The conclusion of the proposition is now
a consequence of this and Lemma 4.3.
Remark 4.4. We shall give two further proofs of Proposition 4.1 but with some
extra hypothesis. Although these proofs do not give the most general statement
as in Proposition 4.1, we believe that it would be of interest to record them
down.
(1) Suppose that F∞ contains the cyclotomic Zp-extension of F .
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Proof. Clearly, if the torsionness conclusion holds for an extension of L over
F , it holds over F . Thus, replacing the base field if necessary, we may assume
that F contains a p-th primitive root of unity. Then by hypothesis (1), F∞
contains µp∞ . This in turn implies that GS(F∞) acts trivially on µ
⊗i
p∞ . Hence
we have H2(GS(F∞), µ
⊗i
p∞) = H
2(GS(F∞),Qp/Zp) as abelian groups. But the
latter is known to vanish (cf. [37, Theorem 6.1]). The required conclusion is a
consequence of this and Lemma 4.3.
Note that the above proof applies for other twists i < 2 (still assuming that
F∞ contains the cyclotomic Zp-extension).
(2) Suppose that the Galois group G = Gal(F∞/F ) is solvable.
Proof. By Lemma 4.5, one has
H2Iw,S
(
F∞/F,Zp(i)
)
G
∼= H2
(
GS(F ),Zp(i)
)
.
Since H2
(
GS(F ),Zp(i)
)
is finite and the group G is assumed to be solvable,
we may apply the main theorem of Balister-Howson [1, Theorem in pp. 229] to
conclude that H2Iw,S
(
F∞/F,Zp(i)
)
is torsion over Zp[[G]].
We end the subsection mentioning a version of Tate’s descent spectral se-
quence for Iwasawa cohomology, which will be an important tool for all our
proofs. In the statement, T is taken to be a finitely generated Zp-module with
a continuous GS(F )-action and Hi(U,−) is the usual homology group (for in-
stance, see [35, Definition 2.6.8]).
Proposition 4.5. Let U be a closed normal subgroup of G = Gal(F∞/F ) and
write L∞ for the fixed field of U . Then we have a homological spectral sequence
Hr
(
U,H−sIw,S(F∞/F, T )
)
=⇒ H−r−sIw,S
(
L∞/F, T
)
.
In particular, we have an isomorphism
H2Iw,S
(
F∞/F, T
)
U
∼= H2Iw,S
(
L∞/F, T
)
.
Proof. For a finite extension, this follows from the Tate spectral sequence (for
instance, see [35, Theorem 2.5.3]). For general extensions, this is [13, Proposi-
tion 1.6.5] or [31, Theorem 3.1.8]. The final isomorphism in the proposition then
follows from reading off the initial (0,−2)-term of the spectral sequence.
Remark 4.6. For our discussion, we usually take T = Zp(i) for some i ≥ 2.
We also note that the spectral sequence, and hence the asserted isomorphism
of the second Iwasawa cohomology, is valid if U is a finite group which is not
necessarily of p-power order (see [35, Theorem 2.5.3] or [31, Theorem 3.1.8]).
This fact will also be utilized in some of our argument.
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We now give an application of Proposition 4.5 (we will make use of this said
proposition again for subsequent discussion).
Corollary 4.7. Let i ≥ 2 be given. Let F∞ be a pro-p p-adic Lie extension of F
contained in FS . Suppose that for every prime v of F not dividing p and ramified
in F∞, the quantity |kv|i−1 − 1 is coprime to p, where kv is the residue field of
Fv. If K2i−2(OF )[p] = 0, then K2i−2(OL)[p] = 0 for every finite extension L of
F contained in F∞.
Proof. Let S be the set of primes of F consisting precisely the primes above
p, the infinite primes and the ramified primes of F∞/F . By Corollary 3.3 and
Lemma 3.4, we have the following short exact sequence
0 −→ K2i−2(OF )[p∞] −→ H2(GS(F ),Zp(i)) −→
⊕
v∈S−Sp
H1(kv,Zp(i−1)) −→ 0.
Taking Remark 3.5 into account, it then follows from the hypothesis that
H1(kv,Zp(i−1)) = 0 for v ∈ S−Sp. Consequently, we haveH2(GS(F ),Zp(i)) =
0. By Proposition 4.5, this in turn implies that
H2Iw,S
(
F∞/F,Zp(i)
)
Gal(F∞/F )
= 0.
We may now apply Nakayama lemma (cf. [1, Theorem in pp. 226] or [35, Lemma
5.2.18]) to conclude that H2Iw,S
(
F∞/F,Zp(i)
)
= 0. By another application of
Proposition 4.5, we obtain
H2(GS(L),Zp(i)) ∼= H2Iw,S
(
F∞/F,Zp(i)
)
Gal(F∞/L)
= 0.
Since K2i−2(OL)[p∞] is contained in H2(GS(L),Zp(i)) by Corollary 3.3 and
Lemma 3.4, this proves the required assertion of the corollary.
Remark 4.8. The preceding corollary applies to p-adic Lie extensions that are
unramified outside p, since then the ramification assumption is vacuous. In
particularly, this applies to a Zdp-extension, as such an extension is unramified
outside p (cf. [19, Theorem 1]). Specializing to the case of d = 1, we therefore
recover [7, Theorem 8] and [22, Theorem 3.3(1)] (also compare with the classical
case of the class group as in [35, Proposition 11.1.7]).
For imaginary quadratic fields F , many examples of K2(OF ) (also coined as
the tame kernel) have been computed by Browkin and Gangl [6]. For instance,
from the table given there, we see that K2
(
Q(
√−4683)) ∼= Z/2× Z/2× Z/3×
Z/37. Hence if p is an odd prime 6= 3, 37, it follows from Corollary 4.7 that
K2(OL)[p∞] = 0 for every finite extension L of Q(
√−4683) contained in the
(unique) Z2p-extension of Q(
√−4683).
12
4.2 Growth in Zdp-extensions
Recall that a Zdp-extension is unramified outside p (cf. [19, Theorem 1]). There-
fore, in this subsection, we may take S = Sp ∪ S∞ which we shall do. We
begin considering the case of a Zp-extension which was first proved by Coates
[7, Theorem 9] for K2, and subsequently by Ji-Qin [22, Theorem 3.3(2)] for the
higher even K-groups.
Theorem 4.9. Let i ≥ 2 be given. Let F∞ be a Zp-extension of F and let Fn
be the intermediate subfields of F∞/F with Gal(Fn/F ) ∼= Z/pnZ. Then we have
logp
∣∣∣K2i−2(OFn)[p∞]∣∣∣ = µG(H2Iw,Sp(F∞/F,Zp(i)))pn + λ(i)n+O(1)
for some λ(i) independent of n.
Proof. By Proposition 4.5, we have
H2Iw,Sp
(
F∞/F,Zp(i)
)
Gn
∼= H2
(
GSp(Fn),Zp(i)
)
,
where the latter is finite. The conclusion of the theorem therefore follows im-
mediately from an application of Proposition 2.2.
The next result considers the case of a Zdp-extension.
Theorem 4.10. Let i ≥ 2 be given. Let F∞ be a Zdp-extension of F and let Fn
be the intermediate subfields of F∞/F with Gal(Fn/F ) ∼= (Z/pnZ)⊕d. Then we
have
logp
∣∣∣K2i−2(OFn)[p∞]∣∣∣ = µG(H2Iw,Sp(F∞/F,Zp(i)))pdn+l(i)G np(d−1)n+O(p(d−1)n)
for some integer l
(i)
G independent of n.
Proof. Proposition 4.1 tells us that H2Iw,Sp
(
F∞/F,Zp(i)
)
is torsion over Zp[[G]].
On the other hand, Proposition 4.5 yields
H2Iw,Sp
(
F∞/F,Zp(i)
)
Gn
∼= H2
(
GSp(Fn),Zp(i)
)
,
where the latter is finite. Therefore, the hypotheses in Proposition 2.3 are
satisfied, and so we may apply it to obtain the conclusion of the theorem.
4.3 Growth in noncommutative extensions
We now consider the case of a general noncommutative p-adic Lie extension.
Let F∞ be a p-adic Lie extension of F unramified outside a finite set of primes,
whose Galois group G is a uniform pro-p group of dimension d. Throughout this
section, S is taken to be the set of primes of F precisely consisting of the primes
above p, the infinite primes and the ramified primes of F∞/F . In particular, if
v ∈ S − Sp, then v is ramified in F∞/F .
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Theorem 4.11. Let i ≥ 2 be given. Suppose that F∞ is a p-adic Lie extension
of F unramified outside a finite set of primes, whose Galois group G is a uniform
pro-p group of dimension d. Writing Fn for the intermediate subfields of F∞/F
with Gal(F∞/Fn) = Gn, we have
logp
∣∣∣K2i−2(OFn)[pn]∣∣∣ = µG(H2Iw,S(F∞/F,Zp(i)))pdn +O(np(d−1)n)
For the proof of the theorem, we require two more lemmas. The first of
which is an elementary number theoretical observation.
Lemma 4.12. Let a and b be positive integers. Suppose that a = ordp(b − 1).
Then for every n ≥ 1, we have a+ n = ordp(bpn − 1).
Proof. For a lack of proper reference, we shall supply a proof here. The proof
is by induction on n. Suppose that n = 1. Then we have
bp − 1 = (b− 1)(1 + b+ · · ·+ bp−1).
Since a = ordp(b− 1) by hypothesis, it remains to show that ordp(1 + b+ · · ·+
bp−1) = 1. Note that
1 + b+ · · ·+ bp−1 = p+ (b − 1) + · · ·+ (bp−1 − 1).
Therefore, if a ≥ 2, then all the terms b− 1,..., bp−1 − 1 are divisible by p2 and
so we do have ordp(1+b+ · · ·+bp−1) = 1 in this case. Now, suppose that a = 1.
Then upon rewriting, we have
p+ (b− 1) + · · ·+ (bp−1 − 1) = p+ (b− 1)(1 + (b+ 1) + · · ·+ (bp−2 + · · ·+ 1)).
Since 1 = ordp(b − 1) by hypothesis and our assumption, we are reduced to
showing that
ordp
(
1 + (b+ 1) + · · ·+ (bp−2 + · · ·+ 1)) ≥ 1.
But since b ≡ 1 (mod p), we have
1+(b+1)+ · · ·+(bp−2+ · · ·+1) ≡ 1+2+ · · ·+(p−1) ≡ p(p−1)/2 ≡ 0 (mod p).
Hence this proves the lemma for n = 1.
Suppose that n ≥ 1 and that a+ n = ordp(bpn − 1). Then observe that
bp
n+1 − 1 = (bpn − 1)(1 + bpn + · · ·+ bpn(p−1)).
Thus, it suffices to show that
ordp
(
(1 + bp
n
+ · · ·+ bpn(p−1))) = 1. (4.3.1)
But by our induction hypothesis, we have bp
n ≡ 1 (mod pa+n), and so
1 + bp
n
+ · · ·+ bpn(p−1) ≡ p (mod pa+n).
Since a+ n ≥ 2, this gives (4.3.1).
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The next lemma is a consequence of the preceding one.
Lemma 4.13. Let j ≥ 1 be fixed. Let k be a finite field and k∞ a Zp-extension
of k. Writing kn the intermediate subfield of k∞/k with |kn : k| = pn, we have
ordp(|kn|j − 1) = O(n).
Proof. If ordp(|kn|j−1) = 0 for every n, then the lemma clearly holds. Suppose
not, then without loss of generality, by base changing k, we may assume that
ordp(|k|j − 1) = a ≥ 1. For every n, we clearly have |kn|j − 1 = |k|jpn − 1. The
conclusion now follows from this and the preceding lemma.
We can now give the proof of Theorem 4.11.
Proof of Theorem 4.11. By appealing to Proposition 4.5, we see that
H2Iw,S
(
F∞/F,Zp(i)
)
Gn
/pn ∼= H2
(
GS(Fn),Zp(i)
)
/pn.
By Proposition 2.4, and taking Proposition 4.1 into account, we have
logp
∣∣∣H2(GS(Fn),Zp(i))/pn∣∣∣ = µG(H2Iw,S(F∞/F,Zp(i)))pdn +O(np(d−1)n).
(4.3.2)
On the other hand, in view of Corollary 3.3 and Lemma 3.4, we have the
short exact sequence
0 −→ K2i−2(OFn)[p∞] −→ H2(GS(Fn),Zp(i)) −→
⊕
w∈S(Fn)−Sp(Fn)
H1(kn,w,Zp(i)) −→ 0,
where kn,w is the residue field of Fn,w. This in turn induces the following exact
sequence⊕
w∈S(Fn)−Sp(Fn)
H1(kw,Zp(i−1))[pn] −→ K2i−2(OFn)[p∞]
/
pn −→ H2(GS(Fn),Zp(i))
/
pn
−→
⊕
w∈S(Fn)−Sp(Fn)
H1(kn,w,Zp(i − 1))
/
pn −→ 0. (4.3.3)
Since K2i−2(OFn)[p∞] is finite, we have
logp
∣∣∣K2i−2(OFn)[pn]∣∣∣ = logp ∣∣∣K2i−2(OFn)[p∞]/pn∣∣∣. (4.3.4)
The required estimate of the theorem will follow from (4.3.2), (4.3.3) and
(4.3.4) once we show that
logp
∣∣∣∣∣∣
⊕
w∈S(Fn)−Sp(Fn)
H1(kn,w,Zp(i− 1))
∣∣∣∣∣∣ = O(np(d−1)n). (4.3.5)
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Writing ⊕
w∈S(Fn)−Sp(Fn)
H1(kn,w,Zp(i− 1)) =
⊕
v∈S−Sp
⊕
w|v
H1(kn,w,Zp(i− 1)),
we are reduced to bounding
⊕
w|vH
1(kn,w,Zp(i − 1)) for each v ∈ S − Sp. A
combination of Remark 3.5 and Lemma 4.13 tells us that
logp
∣∣H1(kn,w,Zp(i − 1))∣∣ = O(n). (4.3.6)
On the other hand, since F∞/F is assumed to be ramified for primes v ∈ S−Sp,
the decomposition group of G at v has dimension at least one. Thus, the number
of primes of Fn above each v ∈ S − Sp is O(p(d−1)n) (cf. [23, Lemma 4.2]).
Combining this observation with (4.3.6), we obtain the desired estimate (4.3.5).
This therefore concludes the proof of the Theorem.
We end with a variant of Theorem 4.11, where an asymptotic upper bound
is obtained.
Proposition 4.14. Let i ≥ 2 be given. Suppose that F∞ is a p-adic Lie exten-
sion of F and Fn is the intermediate subfields of F∞/F with Gal(F∞/Fn) = Gn.
Assume further that the following statements are valid.
(a) G contains a closed normal subgroup with G/H ∼= Zp.
(b) For each v ∈ S − Sp, the decomposition group of G at v has dimension
2.
(c) H2Iw,S
(
F∞/F,Zp(i)
)
is finitely generated over Zp[[H ]].
Then we have
logp
∣∣∣K2i−2(OFn)[pn]∣∣∣ ≤ rankZp[[H]] (H2Iw,S(F∞/F,Zp(i)))np(d−1)n
+ µH
(
H2Iw,S
(
F∞/F,Zp(i)
))
p(d−1)n +O(np(d−2)n)
Proof. The proof proceeds similarly to that in Theorem 4.11, where we make use
of Proposition 2.5 in place of Proposition 2.4. We also mention that condition
(b) is used to show that the number of primes of Fn above each v ∈ S − Sp is
O(p(d−2)n) by a similar argument to that in [23, Lemma 4.2]. This can then be
combined with the estimate (4.3.6) to yield
logp
∣∣∣∣∣∣
⊕
w∈S(Fn)−Sp(Fn)
H1(kn,w,Zp(i− 1))
∣∣∣∣∣∣ = O(np(d−2)n).
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5 Some further remarks
5.1 p-adic Lie extensions containing the cyclotomic Zp-
extension
In this subsection, we consider a class of p-adic Lie extensions, namely those
which contains the cyclotomic Zp-extension, where Proposition 4.14 applies. We
first record the following.
Proposition 5.1. Let i ≥ 2 be given. Suppose that F is a finite abelian ex-
tension of Q. Let F∞ be a pro-p p-adic Lie extension of F which contains the
cyclotomic Zp-extension F
cyc. Then H2Iw,S
(
F∞/F,Zp(i)
)
is finitely generated
over Zp[[H ]], where H = Gal(F∞/F
cyc).
Proof. Observe that by Proposition 4.5, one has
H2Iw,S
(
F∞/F,Zp(i)
)
H
∼= H2Iw,S
(
F cyc/F,Zp(i)
)
.
By Nakayama’s lemma (for instance, see [31, Lemma 3.2.1]), we are therefore
reduced to showing that H2Iw,S
(
F cyc/F,Zp(i)
)
is finitely generated over Zp. As
noted in Remark 4.6, we have
H2Iw,S
(
F cyc(µp)/F,Zp(i)
)
Gal(F cyc(µp)/F cyc)
∼= H2Iw,S
(
F cyc/F,Zp(i)
)
.
Since F is abelian over Q, so is F (µp). Thus, it suffices to show the Zp-finite
generation property of H2Iw,S
(
F cyc/F,Zp(i)
)
under the assumption that F is a
finite abelian extension of Q which contains µp. In particular, under this said
assumption, we have F cyc = F (µp∞). By an application of [40, Lemma 2.5.1(c)],
we see that
H2Iw,S
(
F cyc/F,Zp(i)
) ∼= H2Iw,S(F cyc/F,Zp(1))⊗ Zp(i− 1),
where Zp(1) is the Tate module of µp∞ . We are therefore reduced to proving
the Zp-finite generation property of H
2
Iw,S
(
F cyc/F,Zp(i)
)
. It is well-known that
this said finite generation property is equivalent to the Iwasawa µ-conjecture
(see [19]), which in turn is a theorem of Ferrero-Washington [12] under the
assumption that F/Q is abelian. Hence the proof of the proposition is com-
pleted.
Remark 5.2. As can be seen from the proof, if the Iwasawa µ-conjecture is
known in general, one can then remove the “abelian” hypothesis in Proposition
5.1.
Proposition 5.1 thus provides many possible examples of p-adic Lie exten-
sions, where one can apply Proposition 4.14.
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5.2 Positive µG-invariants of Iwasawa cohomology groups
Of course, there exist p-adic Lie extensions, where the second Iwasawa coho-
mology group can have positive µG-invariant. In this subsection, we present a
class of examples of these. We begin with a preliminary lemma.
Lemma 5.3. Let F be a number field which contains µp. Then for each i ≥ 2,
we have
dimFp
(
H2(GSp(F ), µ
⊗i
p )
)
= dimFp
(
ClSp(F )[p]
)
+ |Sp| − 1.
Proof. Since the number field F contains µp, we have H
2(GSp(F ), µ
⊗i
p )
∼=
H2(GSp(F ), µp)⊗ µ⊗(i−1)p which in turn implies that
dimFp
(
H2(GSp(F ), µ
⊗i
p )
)
= dimFp
(
H2(GSp(F ), µp)
)
.
On the other hand, from the Poitou-Tate sequence, we have
0 −→ ClSp(F )/p −→ H2(GSp(F ), µp) −→
⊕
Sp
Z/p −→ Z/p −→ 0.
The required conclusion now follows from a combination of these observations
and noting that dimFp
(
ClSp(F )[p]
)
= dimFp
(
ClSp(F )/p
)
by the finiteness of
ClSp(F ).
The following is the main result of this subsection.
Proposition 5.4. Let i ≥ 2 and let G = Zdp for a positive integer d. Suppose
that p is a prime such that p > 2d + 1. Then there exist infinitely many pairs
(F, F∞), where F is a finite cyclic extension of Q(µp) and F∞ a Z
d
p-extension
of F such that µG
(
H2Iw,Sp
(
F∞/F,Zp(i)
))
> 0.
Proof. By [8, Theorem 5.2], there exists a cyclic extension F (1) of Q(µp) with a
Zdp-extension F
(1)
∞ of F (1) such that µG
(
X
F
(1)
∞
)
> 0, where X
F
(1)
∞
is the Galois
group of the maximal abelian unramified pro-p extension of F
(1)
∞ . We claim that
µG
(
H2Iw,Sp(F1,∞/F,Zp(i))
)
> 0. (5.2.1)
By Lemma 2.1 and Proposition 4.1, it suffices to show that
µG
(
H2Iw,Sp(F1,∞/F,Zp(i))
/
p
)
> 0. (5.2.2)
We first consider the case when there exists a prime of F above p which
splits completely in F∞/F . Then writing F
(1)
n for the intermediate subfield
of F
(1)
∞ /F (1) fixed by (pnZp)
d, it follows from Lemma 5.3 that
dimFp
(
H2(GSp(F
(1)
n ), µ
⊗i
p )
) ≥ Sp(F (1)n ) ≥ pdn,
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which in turn implies that
µG
(
H2Iw.Sp(F1,∞/F,Zp(i))
)
/p
)
≥ 1 > 0.
by Proposition 2.4 and taking Proposition 4.1 into account. Now, suppose
that every prime of F (1) above p do not split completely in F∞/F . Then
the decomposition group of Gal(F
(1)
∞ /F (1)) at each prime of F (1) above p has
dimension ≥ 1. By [20, Theorem 5.4], we have an exact sequence⊕
v∈Sp
IndGvG (Zp) −→ XF (1)∞ −→ YF (1)∞ −→ 0,
where Y
F
(1)
∞
is the Galois group of the maximal abelian unramified pro-p exten-
sion of F
(1)
∞ at which the primes above Sp splits completely. Since the decompo-
sition group of Gal(F
(1)
∞ /F (1)) at each prime of F (1) above p has dimension ≥ 1,⊕
v∈Sp
IndGvG (Zp) is torsion over Zp[[G]]. Consequently, it follows from this and
the above exact sequence that
µG
(
Y
F
(1)
∞
)
= µG
(
X
F
(1)
∞
)
> 0. (5.2.3)
On the other hand, from the Poitou-Tate sequence, we have
0 −→ Y
F
(1)
∞
/
p −→ H2Iw,Sp
(
F (1)∞ /F
(1), µp
)
−→
⊕
Sp
IndGvG (Z/p).
In view of Lemma 2.1 and (5.2.3), this implies that
µG
(
H2Iw
(
F (1)∞ /F
(1), µp
)) ≥ µG(YF (1)
∞
/
p
)
> 0.
Since the number field F (1) contains µp, we have
H2Iw,Sp(F
(1)
∞ /F
(1), µ⊗ip )
∼= H2Iw(F (1)∞ /F (1), µp)⊗ µ⊗(i−1)p ,
and so one also has
µG
(
H2Iw,Sp
(
F (1)∞ /F
(1), µ⊗ip
))
> 0.
By appealing to [8, Theorem 5.2] again, we can find a cyclic extension F (2)
of Q(µp) with a Z
d
p-extension F
(2)
∞ of F (2) such that µ
(
X
F
(2)
∞
)
> µ
(
X
F
(1)
∞
)
.
In particular, the pair (F (1), F
(1)
∞ ) and (F (2), F
(2)
∞ ) are distinct. By a similar
argument as above, we see that µG
(
H2Iw,Sp(F
(2)
∞ /F (2),Zp(i))
))
> 0. Continuing
the above process iteratively, we obtain infinite pairs (F (m), F
(m)
∞ ) satisfying the
conclusion of the proposition.
We end the paper remarking that the arguments used in the paper can also
be applied to obtain similar results for K2i−2(OF,S) for more general set S of
primes, noting Lemma 3.4.
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